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Abstract Some comments are made on the matrices which serve as the basis 
of a quaternionic algebra. We show that these matrices are related with the 
quaternionic action of the imaginary units from the left and from the right. 
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We start by recalling the notation of the referred paper jT . It's well known that a 
quaternion 

q = a + bh + cj + dk , a, b, c, d € R , 
where h, j and k denote the imaginary units of the algebra of quaternions 

h 2 = j 2 = k 2 = hjk = -1 , 

can be written in matrix form as 

Q = al + bH + cJ + dK , 

with 

H 2 = J 2 = K 2 = HJK = -I . 

Like pointed out in the paper [Q the matrices H, J and K can be chosen in different ways so 
adopting skew-symmetric signed permutation matrices with a plus one in its first row we find 
six signed permutation matrices which arrange themselves to form two Hamiltonian systems, 
given by Hi, J\,K\ and H 2 , J2, K 2 . 

We emphasize that the first system represents the left action of the imaginary units j, h 
and k, respectively, and the matrices of the second system represents, respectively, the right 
action of the quaternionic imaginary units, h,j and k. In both cases we should multiply the 
units by —1. Let q = qo + hqi + jq 2 + kq% and p = Po + hp\ + jp 2 + kps real quaternions. 
If we distinguish between the left and right action of the quaternionic imaginary units h, j, 
and k by introducing the operators L q and R p whose action on quaternionic functions 
^ : H — > R, is given by 

L q ^ = qty and Rpty = fyp , (1) 

where 

Lh = Lj = L 2 , = R\ = R 2 = R 2 . = LhLjLk = RkRjRh = —1 , 



and 
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we find the following real matrix representation [21 El 
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It's interesting to note that the six matrices 



Li 



Lj, Lk, 



R h , Rj and R k 



(4) 



are the generators of the one-dimensional quaternion unitary group linear from the right. See 
[21 0] for further details. In addition, it's more natural to arrange the six signed permutation 
matrices cited in [IJ as given in 

Now, let us see how many triplets, obeying the quaternionic algebra, is possible to write 
with these elements. We should consider each element from Q and it's conjugate (or it's 
negation) which give 12 elements. Obviously, fixing a imaginary unit, the second one must be 
chosen in a way that it does not commute with the previously fixed one, otherwise, the mul- 
tiplication of the imaginary units will not square to minus one, contradicting the quaternion 
algebra. So, if L^ has been chosen for the first imaginary unit, the remaining possibilities 
are ±Lj and ±Ljt and the third imaginary unit is determined by the multiplication of the 
first two. So we have 12 possibilities for the first imaginary unit and 4 for the second, that 
means, 12 x 4 x 1, totalizing 48 possibilities. Of course, we can consider all automorphisms 
of the quaternion algebra, or alternatively, thinking in a geometric way, any quaternion can 
be rotated in the three dimensional space, then we should consider the transformation 
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Note that 



hi 



Ju 



-1 



This similarity transformation can be made with Lh, Lj, L^, Rh, Rj and Rk- 
morphism group of the units is the 0(3) subgroup of 0(4) given by 



The auto- 
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